Hitchin's generalized complex geometry has been shown to be relevant in compactifications of superstring theory with fluxes and is expected to lead to a deeper understanding of mirror symmetry. Gualtieri's notion of generalized complex submanifold seems to be a natural candidate for the description of branes in this context. Recently, we introduced a field theoretic realization of generalized complex geometry, the Hitchin sigma model, extending the well known Poisson sigma model. In this paper, exploiting Gualtieri's formalism, we incorporate branes into the model. A detailed study of the boundary conditions obeyed by the world sheet fields is provided. Finally, it is found that, when branes are present, the classical Batalin-Vilkovisky cohomology contains an extra sector that is related non trivially to a novel cohomology associated with the branes as generalized complex submanifolds.
Introduction
Mirror symmetry is a duality relating compactifications of type IIA and type IIB superstring theory, which yield the same four-dimensional low energy effective theory. It has played an important role in the study of Calabi-Yau compactifications for both its theoretical implications and practical usefulness. Recently, more general compactifications allowing for non Ricci-flat metrics and NSNS and RR fluxes have been object of intense inquiry. The natural question arises about whether mirror symmetry generalizes to this broader class of compactifications and, if so, which its properties are. This program was outlined originally in refs. [1, 2] and was subsequently implemented with an increasing degree of generality in a series of papers [3] [4] [5] . These studies indicate that mirror symmetry can be defined for a class of manifolds with SU(3) structure. In spite of these advancements, certain aspects of mirror symmetry remain mysterious.
In 2002, Hitchin formulated the notion of generalized complex geometry, which at the same time unifies and extends the customary notions of complex and symplectic geometry and incorporates a natural generalization of Calabi-Yau geometry [6] . Hitchin's ideas were developed by Gualtieri [7] , who also worked out the theory of generalized Kaehler geometry. The SU(3) structure manifolds considered in [4, 5] are generalized Calabi-Yau manifolds as defined by Hitchin. This indicates that generalized complex geometry may provide the mathematical set up appropriate for the study of mirror symmetry for general flux compactifications.
Type II superstring Calabi-Yau compactifications are described by (2, 2) superconformal sigma models with Calabi-Yau target manifolds. These field theories are however rather complicated and, so, they are difficult to study. In 1988, Witten showed that a (2, 2) supersymmetric sigma model on a Calabi-Yau space could be twisted in two different ways, to give the so called A and B topological sigma models [8] . Unlike the original untwisted sigma model, the topological models are soluble: the calculation of observables can be reduced to classical problems of geometry. For this reason, the topological models constitute an ideal field theoretic ground for the study of mirror symmetry.
Mirror symmetry relates the A and B models with mirror target manifolds [9] . The A and B models depend only on the symplectic and complex geometry of the target manifold, respectively. Therefore, generalized complex geometry, which unifies these two types of geometry, may provide a natural mathematical framework for a unified understanding of them. It is also conceivable that topological sigma models with generalized Kaehler targets may exhibit the form of generalized mirror symmetry encountered in flux compactifications of superstring theory [10] [11] [12] [13] [14] [15] . D-branes are extended solitonic objects of the superstring spectrum, which are expected to play an important role in the ultimate non perturbative understanding of superstring physics. They appear as hypersurfaces in space-time where the ends of open strings are constrained to lie. D-branes appear in a (2, 2) superconformal sigma model as certain boundary conditions for the world sheet fields. Topological branes appear in the associated topological sigma models again as boundary conditions. The branes of the A and B model are called A-and B-branes, respectively. Expectedly, mirror symmetry exchanges the sets of A-branes and B-branes of mirror manifolds. This constitutes a major motivation for their study.
In 1994, Kontsevich formulated the homological mirror symmetry conjecture [16] , which interprets mirror symmetry as the equivalence of two triangulated categories: the bounded derived category of coherent sheaves and the derived Fukaya category of graded Lagrangian submanifolds carrying flat vector bundles. After the emergence of D-branes in superstring theory, it was argued that the topological B-branes formed a category which could be identified with the derived category of coherent sheaves [17, 18] . Since mirror symmetry exchanges A-branes and B-branes, one would expect that the topological Abranes also form a category and that this category could be identified with the derived Fukaya category. This belief was supported by Witten's original work [19] , where Abranes appeared as Lagrangian submanifolds, and by the analysis of ref. [20] , which showed that ghost number anomaly cancellation required these Lagrangian submanifolds to be graded. However, other studies indicated that there could be A-branes which were not Lagrangian submanifolds [21] . The careful analysis of [22] showed that a class of coisotropic submanifolds carrying non trivial line bundles could also serve as A-branes, at least at the classical level. This finding suggests that the category of A-branes should be an appropriate extension of the derived Fukaya category including the coisotropic branes.
For reasons explained above, it is expected that generalized complex geometry may furnish the appropriate framework for the understanding of mirror symmetry also in the presence of branes. In this case, the notion of generalized complex submanifold formulated by Gualtieri in [7] should play an important role. In fact, it includes as particular cases all known examples of topological branes, including the coisotropic ones. However, to the best of our knowledge, not much has been attempted in this direction so far [10, 15, 23] .
Any attempt to understand mirror symmetry in the light of generalized complex geometry unavoidably must go through some sigma model realization of this latter. Several such realizations have been proposed so far [10, 13, [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] . They have remarkable properties and are also interesting in their own. This paper is a further step along this line of development, as we shall describe next.
To a varying degree, the sigma model realizations of generalized complex geometry are all related to the well-known Poisson sigma model [33, 34] . This is not surprising, in view of the fact that a generalized complex manifold is also a Poisson manifold. In [31] , adapting and generalizing the formulation of the Poisson sigma model of ref. [35] , based on the Batalin-Vilkovisky quantization algorithm [36, 37] , we formulated a new realization called Hitchin sigma model. A remarkable correspondence between the integrability conditions of generalized almost complex structures and the restrictions on target space geometry implied by the Batalin-Vilkovisky classical master equation emerged. Further, a non trivial relation between the classical Batalin-Vilkovisky cohomology, on one hand, and a generalized Dolbeault cohomology and the cohomology of the generalized deformation complex, on the other, was found.
In this paper, we continue the study of Hitchin sigma model on a generalized complex manifold and show how generalized branes can be incorporated into it. We argue that branes are aptly described by Gualtieri's theory of generalized complex submanifolds [7] .
In the presence of branes, the world sheet has a non empty boundary. The fields therefore must obey appropriate boundary conditions, which are determined and analyzed in detail in the paper. Further, the compatibility of the boundary conditions with the so called b symmetry and with the overall classical Batalin-Vilkovisky cohomological structure is ascertained. Finally, we find that, when branes are present, the Batalin-Vilkovisky cohomology contains an extra sector that is related non trivially to an hitherto unknown cohomology associated with the branes as generalized complex submanifolds.
The plan of this paper is as follows. In sect. 2, we review the basic notions of twisted generalized complex geometry. In sect. 3, we illustrate the theory of generalized complex submanifolds and show its use for the description of generalized branes. In sect. 4, we introduce the 2-dimensional de Rham superfield formalism for world sheets with boundary.
In sect. 5, we review the twisted Hitchin sigma model in the absence of branes and then show how branes can be incorporated by imposing suitable boundary conditions on the fields. Finally, in sect. 6, we analyze the compatibility of the boundary conditions with the Batalin-Vilkovisky cohomological structure when branes are present and describe in detail the relation between the Batalin-Vilkovisky cohomology and the generalized complex submanifold cohomology of the branes.
Generalized complex geometry
The notion of generalized complex structure was introduced by Hitchin in [6] and developed by Gualtieri [7] in his thesis. It encompasses the usual notions of complex and symplectic structure as special cases. It is the complex counterpart of the notion of Dirac structure, introduced by Courant and Weinstein, which unifies Poisson and symplectic geometry [38, 39] . In this section, we review the basic definitions and results of generalized complex geometry used in the sequel of the paper.
Let M be a manifold. In what follows, M will always be of even dimension d, since the basic structures of generalized complex geometry exist only in this case.
The constructions of generalized complex geometry are all based on the vector bundle
T M ⊕ T * M is equipped with a natural indefinite metric of signature (d, d) defined by
, where i V denotes contraction with respect to a vector field V . This metric has a large isometry group. This contains the full diffeomorphism group of M , acting by pull-back. It also contains the following distinguished isometries,
where b ∈ C ∞ (∧ 2 T * M ) is a 2-form. As it turns out, b transformation is the most basic symmetry of generalized complex geometry.
An H field is a closed 3-form H ∈ C ∞ (∧ 3 T * M ): [38, 39] . It is given by the expression
, where l V denotes Lie derivation with respect to a vector field V . The pairing is antisymmetric, but it fails to satisfy the Jacobi identity.
However, remarkably, the Jacobi identity is satisfied when restricting to sections 
where H ′ is the b transform of H given by (2.4).
A generalized almost complex structure J is a section of
which is an isometry of the metric , and satisfies
The pair (M, J ) is called a generalized almost complex manifold. The group of isometries of , acts on J by conjugation. In particular, the b transform of J is given by
If M is equipped with an H field and a generalized almost complex structure J , the 
complex manifold. It can be shown that this condition is equivalent to the vanishing of the appropriate H twisted generalized Nijenhuis tensor
where
H integrability is preserved by b transformation: if J is an H twisted generalized complex structure and H ′ and J ′ are the b transform of H and J , respectively, then J ′ is an H ′ twisted generalized complex structure.
In the untwisted formulation of generalized complex geometry, the H field vanishes throughout. To preserve the condition H = 0, b transformation must be restricted. By In practice, it is convenient to decompose a generalized almost complex structure J in block matrix form as follows
and express all the properties of J , in particular its integrability, in terms of the blocks J, P , Q.
For later use, we write in explicit tensor notation the conditions obeyed by the fields
An H field satisfies the closedness equation If J is a generalized almost complex structure, the tensors J, P , Q satisfy
on account of (2.7). Upon using (2.2), (2.8), we find that, under b transform,
The H integrability condition (2.9) of a generalized almost complex structure J can be cast in the form of a set of four tensorial equations 
The above expressions were first derived in a different but equivalent form in [25] and subsequently in the form given here in [31] .
One of the most interesting features of generalized complex geometry is its capability for a unified treatment of complex and symplectic geometry, as we show below. However, as noticed by Hitchin, these geometries do not exhaust the scope of generalized complex geometry. In fact, there are manifolds which cannot support any complex or symplectic structures, but do admit generalized complex structures [6] . These facts explain the reason why Hitchin's construction is interesting and worthwhile pursuing and not simply an elegant repackaging of known notions.
Complex geometry can be formulated in terms of generalized almost complex structures J of the form 19) where J is an ordinary almost complex structures i.e J a c J Similarly, symplectic geometry can be formulated in terms of generalized almost complex structures J of the form
where Q is pointwise non singular a 2-form. J satisfies (2.17a-d) if Q, H satisfy
Eq. (2.23) states that the 2-form Q is closed and, so, it implies that Q is a symplectic structure. By eq. (2.24), the H field necessarily vanishes in the symplectic case.
In the Hitchin sigma model studied in [31] , the action S contains a topological WessZumino term defined up to the periods of the closed 3-form H. In the quantum path integral, so, the weight exp( √ −1S) is unambiguously defined only if H/2π has integer periods. Therefore, the cohomology class [H/2π] belongs to the image of
. This case is particular important for its relation to gerbes. 3 In this context, the b tansforms with b a closed 2-form such that [b/2π] is contained in the image of
represent the gerbe generalization of gauge transformations.
In [41] , it was shown that a sigma model on a manifold M with NSNS background H has (2, 2) supersymmetry if the twisted manifold (M, H) is "Kaehler with torsion". This means that M is equipped with a Riemannian metric g and two generally different complex structures J ± such that g is Hermitian with respect to both J ± and that J ± are parallel with respect to two different metric connections ∇ ± with torsion proportional to ±H. The presence of torsion implies that the geometry is not Kaehler. As shown in [7] , these geometrical data can be assembled in a pair of commuting H twisted generalized complex structures J i , i = 1, 2, describing a generalized Kaehler geometry.
The (2, 2) supersymmetric sigma model has been studied mostly for H = 0 and J + = J − , when M is a true Kaehler manifold. In this case, the generalized complex structures J 1 J 2 are of the special form (2.19), (2.22) and encode the complex and symplectic geometry of M , respectively. The associated A and B topological sigma models depend on only one of these, depending on the topological twisting used [8] : the A model depends only on J 2 , the B model only on J 1 . A topological sigma model for generalized Kaehler geometry has been proposed in [13] . The Hitchin sigma model [31] , which is the main topic of this paper, can be defined for a general twisted generalized complex structure J not necessarily of the form of those appearing in generalized Kaehler geometry.
Generalized complex submanifolds and branes
According to [7] , a generalized submanifold of a twisted manifold (M, H) (cf. sect . 2) is a pair (W, F ), where W is a submanifold of M and 
where b ∈ C ∞ (∧ 2 T * M ). In this way, if (W, F ) is a generalized submanifold of (M, H),
The generalized tangent bundle 
As is well known, at each point of W , there are coordinates of M t a = (t i , t ρ ) such that, locally, the submanifold W is described by the equation t ρ = 0 and coordinatized by the t i . We call such coordinates adapted. Here, middle Latin indices i, j, . . . take the values 1, . . . , dimW , while late Greek indices ρ, σ, . . . take the values 1,
The abstract geometrical notions outlined above are conveniently expressed in terms of adapted coordinates. The relations so obtained are adapted covariant, that is they have the same mathematical form for all choices of adapted coordinates. The tensor components
Q ab of the H field and the blocks P , J, Q of the generalized almost complex structure J (cf. eq. (2.11) entering in them are tacitly assumed to be restricted to W to avoid the cumbersome repetition of W . Since the F field is defined only on W anyway, no restriction of the components F ij is involved.
Relation (3.1), connecting H and F reads simply
at W . Under a b transform, one has
as follows from (3.2).
restricts to a section of the generalized tangent space
at W , as follows from (3.3).
If (M, H, J ) is a twisted generalized almost complex manifold and (W, F ) is a generalized almost complex submanifold of (M, H, J ), then, in the block representation (2.11)
of J , one has
at W . These relations follow from (3.6a, b) and imposing the stability of T F W under the action of J . It is straightforward to verify that these conditions are compatible with H integrability conditions (2.17a-d).
Suppose that J is an H twisted generalized complex structure of the form (2.19).
Then, J, H satisfy (2.20), (2.21) and, so, J is a complex structure and H is (2, 1) + (1, 2) 3-form. In this case, eqs. (3.7a-c) become simply 
at W . Further, as H = 0, (3.4) furnishes further entails the vanishing of the F field
In this paper, we shall provide fresh evidence in favor of the claim that, in a consistent sigma model on a twisted generalized complex manifold (M, H, J ), branes should be generalized complex submanifolds (W, F ) [10, 15, 23] . We note that the formalism expounded above is suitable only for the description of non coincident branes. In the case, often considered in string theory, of stacks of overlapping branes, one would need a non Abelian generalization of the above construction which is not yet available [19] .
In the brane Hitchin sigma model studied in this paper, branes are generic generalized complex submanifolds. So, we call them generalized branes.
The action S W of the model contains a topological Wess-Zumino term defined up to the relative periods of the closed relative 3-form (H, F ). In the quantum path integral, so, the weight exp( √ −1S W ) is unambiguously defined only if (H/2π, F/2π) has integer relative periods. Therefore, the relative cohomology class [(H/2π, F/2π)] belongs to the
. This indicates that generalized branes support relative gerbes with connection and curving [40] .
In the A and B topological sigma models with branes, the H field vanishes and the branes support Abelian gauge fields of field strength F . The ends of open strings lie on the branes and carry Chan-Paton point charges, which couple to gauge fields of the branes.
As is well known, the consistent interaction of a point charge with a gauge field requires that the gauge field strength has quantized fluxes. Since the open strings carry Chan-Paton point charges coupling to gauge fields of the branes, the brane gauge curvature F/2π has integer periods. It follows that the A-and B-branes always support line bundles with connections [19] .
Since open strings are involved, the world sheets have non empty boundaries and the world sheet fields obey boundary conditions, whose nature depends on the topological twisting and restricts the type of submanifolds of the Kaehler target space branes can be [21] . In the A model, in its simplest form, the boundary conditions are such that the complex structure exchanges normal and tangent directions to the brane and, for this reason, an A-brane must be a Lagrangian submanifold with respect to the Kaehler symplectic structure. In the B model, conversely, the boundary conditions make the complex structure preserve normal and tangent directions and, so, a B-brane must be a complex submanifold with respect to the Kaehler complex structure.
Further restrictions arise from requirement that the coupling of the open string ChanPaton charges to the brane gauge fields is invariant under the nilpotent topological charge [19] . In A model, this implies that the field strength F vanishes, so that the underlying line bundle is flat. In the B model, conversely, this makes F be a (1, 1) 2-form and the underlying line bundle holomorphic.
Other restrictions follow from the requirement of ghost number anomaly cancellation.
In the A model, this requires that the branes are graded Lagrangian submanifolds of vanishing Maslov class [20] .
To summarize, the above qualitative discussion indicates that an A-brane is a Lagrangian submanifold carrying a flat line bundle with flat connection and that a B-brane is a complex submanifold carrying a holomorphic line bundle with connection with (1, 1) curvature. The careful analysis of Kapustin and Orlov [22] shows that, in the A model, a class of coisotropic submanifolds carrying non flat line bundles can also serve as A-branes, at least at the classical level. (See also the recent proposal of ref. [15] .)
The above brief review of how branes show up in the A and B topological sigma models fits quite well Gualtieri's formalism of generalized complex submanifolds illustrated above.
Indeed, A-and B-branes are generalized complex submanifolds of the types described in the paragraphs of eqs. (3.9a) and (3.8a), respectively, and, thus, also particular examples of generalized branes
2-dimensional de Rham superfields
In general, the fields of a 2-dimensional field theory are differential forms on a oriented 
αβ (z) set as
The forms ΠT Σ is endowed with a natural differential d defined by
In this way, the exterior differential d of Σ can be identified with the operator
The coordinate invariant integration measure of ΠT Σ is 
s (s), organized as
The forms χ (0) , χ (1) are called the boundary de Rham components of χ.
ΠT ∂Σ is endowed with a natural differential d ∂ defined by
The exterior differential d ∂ of ∂Σ can be identified in this way with the operator
The coordinate invariant integration measure of ΠT ∂Σ is
Any de Rham superfield χ can be integrated on ΠT ∂Σ according to the prescription
Let ι ∂ : ∂Σ → Σ be the natural injection. If ψ is a de Rham superfield of Σ, then
is a boundary de Rham superfield, the pull-back of ψ. By Stokes' theorem,
Often, for the sake of simplicity, we shall write ψ rather than ι ∂ * ψ in the right hand side.
Similarly, by the boundary Stokes' theorem, if χ is a boundary de Rham superfield,
It is possible to define functional derivatives of functionals of de Rham superfields.
Let ψ be a de Rham superfield and let F (ψ) be a functional of ψ. We define the left/right functional derivative superfields δ l,r F (ψ)/δψ as follows. Let σ be a superfield of the same properties as ψ. Then,
To write dF (ψ+tσ)/dt t=0 as an integral on ΠT Σ as above, repeated applications of Stokes' theorem are required. This yields boundary terms, which must cancel out. In general, this is possible only if suitable boundary conditions are imposed in the superfields.
In the applications below, the components of the relevant de Rham superfields carry, besides the form degree, also a ghost degree. We shall limit ourselves to homogeneous superfields. A de Rham superfield ψ is said homogeneous if the sum of the form and ghost degree is the same for all its components 
The Hitchin sigma model in the presence of branes
In this section, we shall first review the formulation of the Hitchin sigma model in the absence of branes [31] . Subsequently, we shall show how to incorporate branes into it.
The Hitchin sigma model is closely related to the standard Poisson sigma model [33] [34] , of which it has the same field content. The approach used here is based on the Batalin-Vilkovisky quantization scheme [35] [36] [37] . To make the treatment as simple and transparent as possible, we shall use the convenient de Rham superfield formalism (cf.
sect. 4) following the original work of Cattaneo and Felder in [35] (see also [43] [44] [45] ). We shall limit ourselves to the lowest order in perturbation theory, since the constraints on target space geometry following from the Batalin-Vilkovisky classical master equation lead directly to Hitchin's generalized complex geometry. Quantum corrections will presumably yield a deformation of the latter, whose study is beyond the scope of this paper. We will not attempt the gauge fixing of the field theory, which, at any rate, is expected to be essentially identical to that of the ordinary Poisson sigma model as described in [35, 43] .
We shall consider directly the twisted version of the Hitchin sigma model. The umtwisted version can be readily obtained by setting the H field to zero.
When branes are absent, the target space of the Hitchin sigma model is a twisted manifold (M, H) (cf. sect. 2). The base space is a closed oriented surface Σ.
The basic fields of the standard Hitchin sigma model are a degree 0 superembedding
x ∈ Γ(ΠT Σ, M ) and a degree 1 supersection y ∈ Γ(ΠT Σ, x * ΠT * M ), where Π is the parity inversion operator. With respect to each local coordinate t a of M , x, y are given as de
Rham superfields x a , y a . Under a change of coordinates, these transform as
The resulting transformation rules of the de Rham components of x a (z, ζ), y a (z, ζ) are obtainable by expanding these relations in powers of ζ α .
The Batalin-Vilkovisky odd symplectic form is
Ω is not of the canonical form when H = 0. Hence, x a , y a are not canonical fields/antifields.
However, Ω is a closed functional form, δΩ = 0. In this way, one can define antibrackets ( , ) in standard fashion. The resulting expression is
for any two functionals F , G of x a , y a .
In the Hitchin sigma model, the target space geometry is specified by a generalized almost complex structure J (cf.sect. 2). In the representation (2.11), the action is
Here, Γ is a 3-fold such that A straightforward computation furnishes The Batalin-Vilkovisky variations δ BV x a , δ BV y a are given by 
As well-known [36, 37] , the Batalin-Vilkovisky variation operator δ BV is nilpotent,
The associated cohomology is the classical Batalin-Vilkovisky cohomology. Also, by (5.8)
It is interesting to see how the odd symplectic form Ω behaves under a b transform of the H field of the form (2.13). It turns out that a meaningful comparison of the resulting symplectic form Ω ′ and the original symplectic form Ω requires that the superfields x a , y a also must undergo a b transform of the form
It is then simple to verify that
If the 2-form b is closed, then H ′ = H, by (2.4). In that case, the b transform is canonical, i. e. it leaves the Batalin-Vilkovisky odd symplectic form (5.3) invariant.
It is similarly interesting to see how the action S behaves under a b transform of the H field and of the generalized almost complex structure J of the form (2.13), (2.16a-c).
Provided the field redefinition (5.13a, b) are carried out, one finds that the resulting action S ′ action equals the original one S, A sigma model with branes describes the dynamics of open strings whose ends lie on the branes. Therefore, the world sheet Σ of our sigma model with branes must have a non empty boundary ∂Σ and the superfields x, y must satisfy appropriate boundary conditions.
These are properly expressed in terms of the pull-back superfields ι ∂ * x, ι ∂ * y (cf. sect. 4).
Below, for notational simplicity, ι ∂ * will often be tacitly understood.
The superembedding x must be such that ι ∂ * x(ΠT ∂Σ) ⊆ W . As a consequence, the superfield x a must satisfy the boundary condition
In the untwisted Hitchin model, the H field is absent and the action S has no topological term. In that case the 2-form b must be closed and
S, S
′ differ by a topological term. If b/2π has integer periods and, so, describes a gerbe gauge transformation, one has exp( √ −1S ′ ) = exp( √ −1S) in the quantum path integral.
b transform is then a duality symmetry of the quantum Hitchin sigma model. See [31] . , b) , one has the further boundary condition symplectic Ω is no longer correct. As it stands, Ω fails to be closed, as in fact
The right hand side is a boundary term and can be compensated for by modifying (5.3) by a boundary term. The resulting expression is
Now, Ω W is a closed functional form, δΩ W = 0. In this way, one can define antibrackets ( , ) W in standard fashion. The resulting expression is
Now, let us introduce the Hitchin sigma model in the presence of a brane (W, F ).
The target space geometry of the bulk (M, H) is specified again by a generalized almost complex structure J . (W, F ) is assumed to be a generalized almost complex submanifold of (M, H, J ) (cf. sect. 3). This assumption is natural from a geometrical point of view.
In the representation (2.11), the action of the model reads
Here, Γ, ∆ are respectively a 3-and a 2-fold such that ∆ ⊆ ∂Γ, 
in adapted coordinates. The calculation involves repeated applications of the relations (3.7a-c) which follow from (W, F ) being a generalized almost complex submanifold of (M, H, J ) and the kinematical boundary conditions (5.17a, b) . From (5.23), it seems reasonable to demand that
along ΠT ∂Σ. Unfortunately, this boundary condition suffers a number of diseases to be discussed below. These are cured by replacing (5.24) by a stronger boundary condition implying (5.24), namely
along ΠT ∂Σ. The Batalin-Vilkovisky variations δ BV W x a , δ BV W y a are given by
Using (5.20), we can then derive the expressions of the brane Batalin-Vilkovisky variations δ BV W x a , δ BV W y a . They are given by the same formulae as those of the no brane BatalinVilkovisky variations δ BV x a , δ BV y a given in (5.10a, b) . Again, this is so by design. As δ BV (cf. eq. (5.11) ), the brane Batalin-Vilkovisky variation operator δ BV W is nilpotent
The associated cohomology is the brane classical Batalin-Vilkovisky cohomology. This relation is not the trivial restatement of (5.11), which it may appear at first glance, since, in the presence of branes, the superfields x a , y a obey the boundary conditions derived above. (The natural question about the compatibility of the boundary conditions with the Batalin-Vilkovisky cohomological structure will be discussed in the next section.) Also, one has generalizing (5.14).
Next, let us see how the action S W behaves under a b transform of the H and F fields and of the generalized almost complex structure J of the form (2.13), (3.5), (2.16a-c).
Using (5.13a, b), one finds that Concretely, this is done as follows. The boundary conditions have the general form
where F is some functional of the boundary superfields. The boundary conditions are compatible with Batalin-Vilkovisky cohomological structure provided
2) when (6.1) holds, where the left hand side is computed using (5.10a, b) and the fact that
2) does not hold, then (6.2) becomes a new set of boundary conditions to be added to the original ones. The compatibility check then must be carried out again from the beginning with the enlarged set of boundary conditions so obtained.
The process must be continued until (6.2) is satisfied identically. Alternatively, one may replace the boundary conditions (6.1) with stronger boundary conditions implying (6.1), for which (6.2) holds identically. (These will be expressed in terms of some functionalF different from F.)
We consider first the kinematical boundary conditions (5.17a, b) . Their compatibility with the Batalin-Vilkovisky cohomological structure requires that
along ΠT ∂Σ, in adapted coordinates, when (5.17a, b) hold. Using (3.7a-c) and (5.17a, b) it is straightforward to verify that these relations do indeed hold true.
We consider next the dynamical boundary conditions (5.24) or (5.25). In the previous section, we saw that the basic requirement of b transformation symmetry invariance of the dynamical boundary conditions rules out (5.24) and selects (5.25) as the only consistent condition. We now shall show that the requirement of compatibility of the dynamical boundary conditions with the Batalin-Vilkovisky cohomological structure leads to the very same conclusion.
By (5.10a), the condition (5.24) can be written concisely as
along ΠT ∂Σ. Proceeding as above, its compatibility with the Batalin-Vilkovisky cohomological structure requires that
along ΠT ∂Σ, when (5.17a, b) and (5.24) hold. Explicitly written, (6.5) reads It was also found that the generalized Dolbeault cohomology contains the cohomology of the generalized deformation complex as a subcohomology. We shall not repeat the details of this analysis. The interested reader is invited to read sect. 6 of ref. [31] for a thorough discussion of these matters.
One may wonder whether and how the presence of branes modifies the classical A more likely scenario is the following. In the presence of branes, the BatalinVilkovisky cohomology will contain a sector reproducing the no brane cohomology associated with the generalized Dolbeault cohomology of the bulk and a further sector based on some cohomological structure of the brane, whose nature is to be determined. We devote the rest of this section to the analysis of this matter. The discussion parallels that of the no brane cohomology of ref. [31] with some significant differences to be discussed below.
The construction expounded in the following involves the singular chain complex of ∂Σ. Since we deal with boundary de Rham superfields throughout (cf. sect. 4), it is convenient to use the boundary singular superchains formalism. A boundary singular superchain C is a doublet formed by a 0-, 1-dimensional singular chain C (0) , C (1) of ∂Σ organized as a formal chain sum C = C (0) +C (1) . The nilpotent singular boundary operator ∂ of ∂Σ extends to boundary superchains in obvious fashion by setting (∂ ∂ C) (0) = ∂C (1) , (∂ ∂ C) (1) = 0. A boundary singular supercycle Z is a superchain such that ∂ ∂ Z = 0. A boundary de Rham superfield χ can be integrated on a boundary superchain C:
Stokes' theorem holds, C d ∂ χ = ∂ ∂ C χ. In particular, one has Z d ∂ χ = 0 for any boundary supercycle Z.
We call a boundary de Rham superfield X local, if it is a local functional of the pullback of the basic superfields ι ∂ * x, ι ∂ * y. Let X be some local boundary superfield and let there be another local boundary superfield Y such that
Thus, X defines a mod d ∂ Batalin-Vilkovisky cohomology class. Then, if Z is a boundary singular supercycle, one has Define
and its complex conjugate ∂ ∂ , where here and below the operator δ BV W is tacitly restricted to the space of local boundary superfields. From (5.29), using that
it is immediate to check that
From (6.5), one has further
15a)
The operator ∂ ∂ acts on the space of local boundary superfields, carries degree 1, by (6.13), and it squares to 0, by (6.14b). Therefore, one can define a ∂ ∂ local boundary superfield cohomology in obvious fashion.
Let X be a local boundary superfield such that 17) where We note that all terms in the right hand side of (6.17) with q ≥ 0 vanish, since d ∂ x i d ∂ x j = 0 on the 1-dimensional manifold ∂Σ. This property will be used repeatedly to suitably reshape the expressions derived below.
A simple calculation using (5.10a, b), (3.7a-c), (5.17a, b) yields
From these relations and (6.13), (6.17), one finds 
22b)
22c) It is straightforward to show that, for fixed ρ, eq. (6.22e) defines a linear operator K W ρ : X W 0 n → X W 0 n−1 , for n ≥ 0. Let X W n be the intersection of the kernels of the operators K W ρ with ρ = 1, . . . , d − dimW , for n ≥ 0. Let further X W * = ⊕ n≥0 X W n .
Eq. (6.23b) then states that Υ ∈ X W * .
Using (6.22a-e), by a very lengthy algebraic verification exploiting systematically Gualtieri's notion of generalized complex submanifold on the other should however be emphasized for its field theoretic and physical mathematical interest.
